We study iteration of polynomials on symmetric stochastic matrices. In particular, we focus on a certain one-parameter family of quadratic maps which exhibits chaotic behavior for a wide range of the parameters. The well-known dynamical behavior of the quadratic family on the interval, and its dependence on the parameter, is reproduced on the spectrum of the stochastic matrices. For certain subclasses of stochastic matrices the referred dynamical behavior is also obtained in the matrix entries. Since a stochastic matrix characterizes a Markov chain, we obtain a discrete dynamical system on the space of reversible Markov chains. Therefore, depending on the parameter, there are initial conditions for which the corresponding reversible Markov chains will lead under iteration to a fixed point, to a periodic point, or to an aperiodic point. Moreover, there are sensitivity to initial conditions and the coexistence of infinite repulsive periodic orbits, both features of chaos.
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Introduction and preliminaries
Iteration on M n (R), the set of n × n real matrices, can be viewed as a natural generalization of iteration on R n or C n , concerning the algebraic structure of matrix algebras. In [7] we have analyzed the iteration of the quadratic polynomial z → z 2 + c on M 2 (R); see also [8] . Note that this example itself contains, as a subcase, the complex iteration and the related wellknown Mandelbrot set, with all its dynamical, analytical and combinatorial complexity, see [6] for details.
In the following we define the assumptions needed in order to obtain the iteration on the set of symmetric stochastic matrices. The iteration is made under a quadratic map (a one-parameter family), conjugated to the logistic map, for which the one-dimensional version exhibits complex behavior, in particular, the coexistence of an infinite number of periodic points and the sensitivity to initial conditions or, in other words, exhibits chaotic behavior, see [4] .
Moreover, the symmetric stochastic matrices determine reversible Markov chains, which are used in many applications and also have great interest from a theoretical point of view.
The stochastic matrices are matrices
with non-negative entries, i.e., x ij ≥ 0 for which n j =1 x ij = 1. In this case, the vector u:=(1, 1, . . . , 1) ∈ R n is a right Perron eigenvector of X with Perron eigenvalue equal to 1 (spectral radius ρ(X) = 1). Now, consider the polynomial map g λ (x) := 1 − λx(1 − x), which is a modified logistic map so that x = 1 is a fixed point. This fact is essential in order to the iteration of a stochastic matrix still be a stochastic matrix. We denote by G λ the induced matrix map G λ (X) := 1 − λX(1 − X), where 1 denotes the identity matrix, with λ ∈ [0, 4].
In the present paper we consider the restriction of the matrix set to the set of n × n positive definite symmetric stochastic matrices (necessarily doublystochastic since they are symmetric and stochastic), which we denote by Ω n . Therefore, a matrix X in Ω n has non-negative entries, the Perron eigenvalue 1 and spectrum contained in ]0; 1].
To deal with Markov chains we would like to have G λ (X) ∈ Ω n whenever X ∈ Ω n . However, this is false, in general. Assuming X ∈ Ω n , then G λ (X) is necessarily positive definite, symmetric and will have u as Perron eigenvector associated with the Perron eigenvalue 1 (see Lemma 1 below). However, G λ (X) may have negative entries. The alternative is to consider the minimal invariant subset of Ω n which, under iteration of G λ , maintains the property of non-negativeness of the entries, so that the iterations are stochastic. This is not a new situation, since it is similar to the case of interval maps dynamics, when the invariant set, instead of the whole interval, is a Cantor set, a selfsimilar fractal subset of the interval, see for example [3] .
The paper is organized as follows. In Sect. 2 we give preliminary general results on Ω n , relating the periodic points of the dynamics on Ω n with those on one-dimensional dynamics. We also study two particular cases, for n = 2 and n = 3. Finally, in Sect. 3 we focus on the dynamical behavior on the Markov chain set, considering a reducible case and a primitive case.
Discrete dynamics on the set of positive definite matrices
General results
Consider X ∈ M n (R). Let sp(X) denote the spectrum of X and X T denote the transpose matrix of X. The symmetric positive definite matrices are those which satisfy X = Y 2 , for some matrix Y ∈ M n (R); a symmetric matrix is positive definite if and only if all its eigenvalues are positive. We say that X, Y ∈ M n (R) are equivalent if and only if they have the same spectrum, counting multiplicities. Since every symmetric matrix is diagonalizable, two matrices X, Y are equivalent if and only if there is an invertible P such that Y = P XP −1 .
Consider the modified logistic map
where 1 denotes the identity matrix, with the real parameter λ ∈ [0, 4].
is symmetric, positive definite and u := (1, . . . , 1) ∈ R n is the Perron eigenvector associated with the Perron eigenvalue 1.
Proof We first show that G λ (X) is symmetric; as
Now, since X is diagonalizable, there is an invertible matrix P such that D = P −1 XP is diagonal and G λ (X) = G λ (P DP 
